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I. INTRODUCTION 
Let L be a classical complex group over Cn: the general linear group of 
1z x n complex matrices GL(n, C) or any of its subgroups, SL(n, C), 
O(+)(n, C), Sp(n, C). Let P(& ,..., &; z, ,..., xl) be an L-invariant polynomial 
in R contravariant and I covariant n-dimensional vector arguments: 
P(G 2) = qxl, 4 (1.1) 
for all (1 EL, < = ([r ,..., &J, z = (a1 ,..., xJ, <(l-l = (&4-l ,..., &4-r) and 
AZ = (AZ1 ,..., AZ,). 
Then the first Fundamental Theorem [I] of the theory of the invariants 
states that P is a polynomial in finitely many standard invariants 
UC, z),..., I,.(<, z) of L. These invariants generate the ring of the L-invariant 
polynomials in the variables c E C?*, z E Ckz. A first generalisation of this 
theorem has been obtained by Hepp [2] for the case of analytic functions of 
several complex vector variables. Let D be a domain in C(k+z)S of K contra- 
and I covariant n-vectors and let I be the map which sends (5, z) E W+Z)n 
into the standard invariants I& z),..., I,(<, z) of the classical complex group 
L. Assume that D is I-saturated in the sense: 
D = I-l 0 I(D). 
Then I(D) is a normal algebraic set in a domain of Cr and to any L-invariant 
functionf(S, z) holomorphic in D there corresponds a unique functionf of 
the invariants, (strongly) holomorphic in I(D) and such that 
f(L 2) =b a, 2). (I4 
The next step is a generalisation of this result to L-covariant holomorphic 
tensor fields. 
Let (1-+ S(A) be an irreducible s-dimensional tensor representation of L. 
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Let D C V-tfIn be an invariant and I-saturated domain and F*(<, z) an 
S-covariant in D holomorphic tensor field: 
JTxl, -Jlz) = i S(A);F”(g, z), (I-3) 
i3=1 
this relation being valid for all .4 EL and all (<, z) E D. 
Then it may be shown [2] that there are finitely many S-covariant poly- 
nomials QKa(<, z), 1 < K < K, and (strongly) holomorphic L-invariant coef- 
ficient functionsf: such that locally the decomposition 
holds. 
WC, 2) = f L o 4, 2) QKU(C, 2) P-4) 
K=l 
These results have been proved using the powerful methods of the theory 
of analytic functions of several complex variables, especially of analytic 
decompositions and of quotients of complex spaces modulo complex auto- 
morphism groups. It should be noted that the proviso of I-saturated domains 
is essential for the validity of these results: if the domain is not I-saturated, 
there are simple counter-examples which show that Eqs. (1.2) and (1.4) 
cannot hold on D. Finally, if D is moreover holoconvex, then the decomposi- 
tion (1.4) can be shown to be also valid globally. 
In view of many applications, especially in mathematical physics, it is 
reasonable to ask how far the above results can be extended to the case of 
(tempered) distributions. In this note we present some partial results obtained 
for the real rotation group. 
In Section II we investigate invariant distributions belonging to the 
Schwartz space Y’(Ra x Rs) and in Section III a representation similar 
to (1.4) is shown to be valid for rotation covariant (tempered) distributions. 
Our method is elementary and it is quite possible that better results can be 
obtained by using more powerful tools. 
II. ROTATION INVARIANT DISTRIBUTIONS 
Let L = 0+(3, R) be the group of real orthogonal transformations of the 
real 3diiensional euclidean space and dR the normalised Haar measure 
on 0+(3, R). 
A tempered distribution T E Y’(R3 x R3) is called @+-invariant if for 
all R E 0+(3, R) and all dx, y) E 9’(R3 x R3), 
<T,wR)) = <CPA (11.1) 
where v&r, y) = #?-lx, R-ly). 
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Following Schwartz [3], we consider the mean value of p over the rotation 
group: 
WV) (x, Y) = I@+,, R) dR VW% R-‘Y). (11.2) 
The function rp(R-lx, R-ly) defined on Of(3, R) x R3 x R3 is of class 
GP in R, x and y and the classical properties of the Riemann integral insure 
that M is a linear continuous mapping from 9 into Y. Due to the invariance 
of the Haar measure, M~I is Of-invariant: 
for all R. 
WW (Rx> RY) = PW b, Y) 
Consider also the following mean value of v: 
+(Y, s, t) = 
s 
d% d3y S(Y - x’) S(s - y”) qt - x ’ y) yl(x, y) (11.3) 
and let K be the closed convex cone 
K = {(Y, s, t) E Rs : Y  3 0, s > 0, YS 3 P}. (11.4) 
It is easy to see that + is of class V* in the interior k of K. Notice first that the 
surfaces x2 = Y, ya = s and x * y = t are in general position in K. LetZ(y) 
be the surface 
C(y) = {x : x - y - t = O}, 
and let q, E Z(y,) for some y,, . Then there exist open neighbourhoods U,, 
and V,, of x, respectively y,, such that for each y E V, , a coordinate system is 
obtained in U,, by choosing 
61 = x2, 62 = x * y, 43 = *a , 
for some suitable 01 = 1,2,3. For 9 E .Y( U,,) 
s 
S(Y - x2) 8(t - x . y) v(x) d3x 
is of class hp”o. The same result holds for an arbitrary p by a partition of unity. 
It is also easily proved that for (5, q) E R3 x Rs with 52 = Y, qs = s, 
g*q=t: 
Wd (5, rl) = @(y, s, 9, (11.5) 
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where c is an immaterial constant factor. This follows at once from the 
transitivity of P+(3, R) on the manifold x2 = Y, y2 = S, x . y = t and from 
the uniqueness of integration on manifolds. 
Finally, let Y(K) be the space of the restrictions to K of all functions in 
Y( Rs). Obviously, anyf&Y(K) is defined and%? in&and admits a continuous 
extension to the whole of K. The same is true for the derivatives off. On the 
other hand, assume thatfas well as all its derivatives have the above property. 
K being closed and convex, is regular in the sense of Whitney [4], so thatfwill 
belong to Y(K). Let C, be an increasing sequence of compact sets with 
K C (J,“=, C,, . The topology on Y(K) is taken to be the inductive limit of the 
Frechet spaces Y(K n C,). Then the dual space Y’(K) of Y(K) is isomorphic 
with the space of tempered distributions in R3 with support in K [5]. Hence- 
forth, we shall consider this space of distributions. 
We are now in position to prove the main result of this section along the 
lines of [6]: 
THEOREM 11.1. The mapping 
Y(R3 x R3)3p,~~~9’(K) 
is a topological isomorphism. 
For the proof, we note that the mapping v(x, y) + +(r, s, t) is clearly 
linear and one-to-one. Its continuity follows from the closed graph theorem 
and from the pointwise equality of (Mv) (x, y) and c+(r, S, t). We only have 
to prove that $5 is of class %P at the origin. Choose 
Then 
+ is %‘* for r > 0, rs > t2 and by symmetry, also for s > 0, rs 3 t2. Also the 
left-hand side is an even regular function of its last argument and hence, is 
regular in (rs - t2)/r. Expanding ~(x, y) around the origin x = y = 0: 
p(x, y) = c (cd!)-’ (/3!)-’ @,q?$) (0,O) XUY6 + 0(x2 + Y21n? 
lorl+lsl<2n 
where 
aal a=2 a=3 a,m =---, 
axfl aqa a3p or! = LY,! cd,! 'y3! ) /~l='Y1+~2+% 
a36 =--- 
ayf3 ay81, ay2 ' p! = fll! fi2! p3! ) IB I =A +A + 83; 
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we obtain after integration over 0+(3, R): 
X 
I 
(Rx)* (Ry)o dR + O(r” + s2 + te)n’z. 
6’(3.R) 
It is now easily recognised [I] that the integral under the sum is a homogene- 
ous polynomial of degree (I 01 1 + 1 fl I)/2 in r, s, t if 1 01 1 + I /3 1 is even and 
vanishes if [ (Y 1 + ] /3 1 is odd. Hence, $5 is $P at the origin. The behaviour 
of ci; at infinity is also evident. 
As a corollary to this theorem, we note that by duality, there is a topological 
isomorphism between 9”(K) and the space of Co+-invariant tempered distribu- 
tions. Let T be rotation invariant. Then: 
(T, v) = CT, p(R)) = (M*T, fifv> = <rip 9). 
Hence, an invariant distribution is uniquely characterised by its “values” T 
on Y(K) and is in this sense a distribution in the invariants r, s and t. The 
above results are also valid with minor modifications for invariant distribu- 
tions in three vector arguments. 
In trying to generalise these results to the case of more than three vector 
variables, the orbits for the proper orthogonal group become more compli- 
cated: for x = (x1 ,..., x,) E R3m, m > 3, the parameters of these orbits are 
the scalar products .& = xi * xj and the determinants a, = det(x,r , x,~ , x,$), 
1 < CQ < CY~ < 01~ < m. However, these invariants are not independent: 
if & = det(t,,s.), then o,u, = &s . Thus, the image of R3m in the invariants 
is an algebraid kariety with singularities on which no reasonable space of 
testing functions has yet been defined. 
III. ROTATION COVARIANT DISTRIBUTIONS 
Let R + DcL)(R) be the irreducible (unitary) (2~5 + I)-dimensional repre- 
sentation of Of(3, R) (L > 1). A (2L + I)-tuple of distributions Ta E Y’(R3), 
-L < a! < L, is called DL)-covariant if for all R E 0+(3, R) and any 
va E cY( R3) : 
G”: FL(R)) = ~‘L’(R>B” U-B, v.J (111.1) 
Here again vat&x) = p=(R-lx). As usual, a summation over repeated 
indices is implicit in Eq. (111.1). 
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We shall use the method of the previous section to carry over the covariance 
property of the distributions to the testing functions v, and prove a standard 
decomposition similar to (1.4) for these functions. Then the result will be 
extended to D(L)-covariant distributions belonging to Y’(R3 x R3). 
Let us introduce the O+-covariant testing functions 
Wd 04 = J’,,,, R) dR DcL’( R); c&R-lx). (111.2) 
Again (MC& E Y(R3), -L < (r <L, and 
We notice that due to the irreducibility of the representation, each Mtpa 
vanishes at the origin: 
UbJA (0) = 0 -L,<or<L. 
Similarly, all derivatives @(MT,) up to the order 1 p 1 = L - 1 also vanish at 
the origin. 
The obvious candidates for a convenient basis of LPr-covariant poly- 
nomials in the vector variable x are the (normalised) harmonic polynomials 
customarily denoted by yiL’(x) 
y?)(x) = 1 x IL Yp(a), 
where 8 = x/l x 1 = (8, v) and the Y:“)(a), -L < 01 <L, are the usual 
spherical functions with the well-known orthonormality and completeness 
properties. We shall adopt the sign convention: 
YZ)(s2) = (- 1)” Y.‘(Q). 
The yLL’(x) are homogeneous polynomials of degree L in the components of 
the vector x. 
Introducing the Ansatz 
P%) (4 = $xX) d%h 
the coefficient function $i can be formally defined by 
- - L c” (MT,) (x) y?‘(x) 
477 
G(x) = 2L + 1 IL or=--L 
(111.3) 
(111.4) 
with Y = x2. 
DISTRIBUTIONS COVARIANT UNDER THE ROTATION GROUP 43 
Obviously, r+(x) is &+-invariant and of class 9P in R3 - (0). The continuity 
of P; at the origin follows immediately from the vanishing of (MpJ at the 
origin. Due to the invariance of Eq. (IDA), we may choose x = (0, 0, l/r). 
Then: 
Expanding the sum in the right-hand side of (111.4) in a Taylor series 
around the origin, it is easily seen that each derivative of $5 is also continuous 
at x = 0. Hence, 9(x) is of class $9 in R3 and evidently $5 E .9(R3). 
Let now ~~(x, y) E Y(Rs x Rs), - L < (Y < L, and consider the W)- 
covariant testing functions 
dR D’=‘(R): &R-k, R-v). (111.5) 
The irreducibility of the representation insures again that (Mp,) (x, y) 
as well as all its derivatives 8,“a,,~(\(M~J up to the order 1 p 1 + 1 X 1 = L - 1 
vanish at the origin. 
A basis of D(L)-covariant tensor polynomials in x and y is obtained by 
taking suitable combinations of the harmonic polynomials y:‘(x) and 
yiL-“)(y). However, it will be convenient to introduce first the separable 
testing function 
L$@(x, y) = c (I, a; I’, M - a 1 L, M) q?‘(x) &,(y), (111.6) 
(I 
with Clebsh-Gordan (CG) coefficients (jr , m,; j2 , nza 1 1, M) and D(l)-, 
respectively D(I’) -covariant testing functions v:‘)(x), respectively +iz’)(y) 
from Y(Rs). Clearly, I++~ L ‘*” transforms under rotations as the 2L + 1 com- 
ponents of a spherical tensor of rank L. Due to our previous result, 
“*g(x, y) = c (I, cd; I’, M - a I L, w J(xv Y) Y?(X) AL(Y), (111.7) 
m 
where 4(x, y) is the product of the O+-invariant coefficient functions occuring 
in the representations of viz)(x) and @h*‘)(y) according to (111.3). Obviously 
fix, y) E .9’(R3 x R3). 
Now it is well-known that there are only L + 1 linearly independent 
spherical DcL) tensors and L linearly independent D(L)-pseudotensors 
constructed out of two 3-dimensional vectors. Hence, we introduce the 
polynomial basis: 
=QM”(x, Y) = c ( ‘5 ‘-%L - K, M - = 1 L, M)J’?(X)J’k’(y), O<u<L, 
0 
(111.8) 
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respectively, 
?2MK(X> Y) = c ( K, Lx; L + 1 - K, M - a 1 L, M) y:‘(x) J&+;-“‘(y), 
1 
1 <K-s& (111.9) 
of spherical B’L)-tensors respectively D’L)-pseudotensors. This splitting of 
the polynomial basis into two parts with different behaviours space reflections 
is in accordance with the corresponding behaviour of L&$(x, y) under this 
symmetry operation: 
“$@( - x, - y) = (- l)lfl’ “$!$‘(x, y). 
We shall consider each case separately. 
THEOREM 111.1. For 1 + I’ -L even, the representation 
mi&,z) 
“~~‘(x, Y) = C Fi.t(x, Y) %?dx, Y> (111.10) 
x=max(O,L-l’) 
holds with (unique) Of-invariant separable expansion coejkients Fk:: of class 
GP in K. 
A similar theorem is also valid for I + 1’ -L odd. 
For the proof, we follow a method inspired by [7]. We evaluate the various 
quantities in a rotated frame, where 
s2 = x/l x 1 = (0, O), Q’ = Y/l Y I = (0, 94, 
7 = cos 0 = cos 9 cos 8’ + sin 6 sin 8’ cos(p, - v’) 
(6, p’) respectively (8’, r$) being the angular variables of the unit vectors 8 
respectively Q’. Then the orthogonality relations of CG coefficients and the 
well-known product formula for DL) matrices yield: 
‘t&$(x, y) =,Jv ~~‘~s~“~+pj(x, y) C (1, m; I’, m 1 L, m) &)‘“p!f’(~), 
m 
(III.1 1) 
where p:‘(7) is the normalised associated Legendre function. Since 
I + 1’ -L is even, then the use of the symmetry properties of CG coeffi- 
cients and of the $2)(-c): 
(1, m; I’, m ) L, m) = (- l)l-“[d(X + 1)/(21’ + l)] (L, m; 2, - m 1 I’, 0) 
(I, m; l’, M - m 1 L, M) = (- l)‘fz’-L(l’, M - m; I, m ( L, M), 
p!$) = (- l>“PmQ(T>, 
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and Eq. (III.1 1) yields a set of L + 1 linear equations: 
k >, K, k, K = 0, I,..., L, (111.12) 
K=O 
with 
A‘& = 477 - 2KK! (L - K)! [(2L)!/(2L - 2K + I)! 
x (2K + 1)!]‘/2 YK/2S(L-K)/2 Lf&K(a, a’), 
U, = DE”“, 
UK = [(L f K)!/(L - K)!]“’ (- I)” sin f?[DgjK + (- 1)” Dg”-‘] 
1 <KG& 
fk,(T) = [272K)! k!/(k + K)! K!]  cfT;(T) = & s (T” - I>“. 
Here C,,LV(~) is a Gegenbauer polynomial [8] and is of degree m. 
We interpret Eqs. (111.12) as a system of linear equations for the various 
Dg)” occuring in (111.11). Using the orthogonality relation [7] 
hkK(T) = (k,,K) [(k - K)!]-’ (1 - T2)’ g  (1 - T2)--K 
= [K! (2k - I)!]-1 (- 2)h.--K k!(k + K - I) !  cjKh’(T), k > K, ho0 c 1 
one may easily solve (111.12) with the result 
u, = i hkK(T) (- I)‘+ 24, , 
K=O 
k > K, k, K = 0, I,..., L. 
Inserting this solution into (111.1 l), one obtainsFi,y essentially as a finite sum 
of Gegenbauer polynomials: 
F;,;(Y, S, T)  = Z,b(Y, S) T(z--K)‘2S(z’+K-L)‘2~(~, K, L) 
minbz) 
X 1 a&L, K; k) c;:;(T) CL::(T) 
J.kK 
(111.13) 
where max(0, L - I’) < K < min(L, I), a(& L, K; k) is a combinatorial 
coefficient involving CG coefficients and N(Z, K, L) is a normalising factor. 
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We notice that 1’ + K > L for K = 0, l,..., L - I’ - I, otherwise the sum 
in (III.1 3) vanishes. 
Also: 
Fy&, s, T) = F$,(s, Y, T), K = 0, I,..., L. 
Setting t = (drs) T, it is now clear that F>,‘~(Y, s, t) is a separable function 
of class VP on K. The asymptotic behaviour of these coefficients is controlled 
by the function $(Y, s). Therefore, Fk,y belongs to the space Y(K). 
The case 1+ 1’ -L odd is treated along similar lines with minor modifica- 
tions and leads to the analogous result: 
“&%, Y) = 
minLz) 
c ~Yi(x, Y) L!2A.iYx, Y), (111.14) 
x=max(l.L+l-l’) 
with pi.“: E Y(K). 
We are now prepared to consider the O+-covariant distributions. Let 
T” E Y’(Ra x Ra), -L < OT <L, be a (Z + I)-tuple of DC=)-covariant 
tempered distributions. Then 
where M* is the adjoint mapping of the topological isomorphism defined by 
Eq. (111.5). Due to the decompositions (III.lO), (111.14) of separable covariant 
testing functions: 
and similarly for the pseudotensorial component. The multipliers LQMK and 
L&K being polynomials, we obtain thus a set of invariant tempered distribu- 
tions 
TK = iL M*T"=QaK, 
a-4 
respectively 
as separately continuous multilinear functionals on Y(K). By the n_uclear 
theorem [9], there exist then unique distributions TK respectively TK such 
that, e.g., FK equals TK on the manifold of separable testing functions Fkf: as 
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given by (111.13). Hence, D (L’-covariant distributions are uniquely character- 
ised by well-defined invariant distributions and covariant multipliers of 
trivial structure. This is in analogy with the results of the preceding section 
and with the decomposition (1.4). The same method could also be applied to 
DcL)-covariant distributions in three vector variables with a similar outcome. 
However, for more than three vectors one again encounters the difficulty 
mentioned at the end of the previous section. 
In conclusion, it should be pointed out that the mean value mapping M 
was the essential ingredient in these considerations. Clearly this method 
breaks down in the case of noncompact classical groups, e.g. the Lorentz 
group. If certain support properties are satisfied, then it is still possible to 
recover some similar partial results, but the general case deserves a separate 
and more thorough investigation [IO]. 
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